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CLEFT EXTENSIONS OF A FAMILY OF BRAIDED HOPE ALGEBRAS 


MAURICIO DA ROCHA, JORGE A. GUCCIONE, AND JUAN J. GUGCIONE 


Abstract. We introduce a family of braided Hopf algebras that generalizes the rank 1 Hopf 
algebras introduced by Krop anad Radford and we study its cleft extensions. 


Introduction 

Let fc be a field. In the paper [4], the authors associated a Hopf algebra Hx> over k, with each 
data V := (G, x, z, A), consisting of: 

- a finite group G, 

- a character x of G with values in k, 

- a central element z of G, 

- an element X € k, 

such that x" = 1 or A(z" — 1 g) = 0, where n is the order of xi^)- As an algebra Hj) is generated 
by G and x, subject to the group relations of G, 

xg = x{9)9^ for all g G G and x" = A(z" — 1 g). 

The coalgebra structure of Hj) is determined by 

A(( 7 ):= 5®5 for g G G, A(x) := 1 ( 8 ) x + x ( 8 > z, 

e{g) := 1 for 5 G G, e(x) := 0, 

and its antipode is given by 

S{g) = g~^ and S{x) = —xz~^. 

As was point out in [4], as a vector space Hxi has basis {gx'^\g G G,0 < m < n}. Consequently 
dimiJu = n|G|. 

The algebras Hx> are called rank 1 Hopf algebras. The simplest examples are the Taft algebras 
iJ„ 2 , which are the rank 1 Hopf algebra obtained taking T) := (G„,x, 5 ,l)) where G„ = (g) is 
the cyclic group of order n > 1 and x(ff) is a primitive n-th root of 1. 

In [5] Masuoka studied the cleft extensions of the Taft algebras, giving a very elegant de¬ 
scription of its crossed product systems. In [2] the Masuoka description was reproduced with 
simplified proofs, and studying this description were derived several interesting consequences. 
Motivated by these works, in this paper we introduce a family of braided Hopf algebras that 
generalize the algebras iJu, and we study their cleft extensions. 

The paper is organized in the following way: 
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In Section 1 we recall the well know notions of Gaussian binomial coefficients and braided 
Hopf algebra, and we make a quick review of some results obtained in [3]. The unique new result 
in this section are the formulas obtained in Theorem 1.36(5). In Section 2 we associate a braided 
Hopf algebra with each data V = {G, x, z, A, q) (where G is a finite group, x is a character of G, 2 : 
is a central element of G and q, X are scalars) that satisfies suitable conditions. The main result is 
Corollary 2.8, in which the algebras iJ-p are introduced. When <7 = 1, we recover the rank 1 Hopf 
algebras defined by Krop y Radford. In Section 3 we describy the dIp-space structures, the iJp- 
comodule structures and the i/p-comodule algebra structures (in Proposition 3.5, Corollary 3.7 
and Theorem 3.12, respectively). In Section 4 we characterize the i7p cleft extensions, and, 
finally, in Section 5 we study two particular examples. 


1 Preliminaries 

In this paper fc is a field, we work in the category of k-vector spaces, and consequently all the 
maps are fc-linear maps. Moreover we let U ®V denote the tensor product U V of each pair of 
vector spaces U and V. We assume that the algebras are associative unitary and the coalgebras 
are coassociative counitary. For an algebra A and a coalgebra G, we let qi: A® A A, iq: k ^ A, 
A: G C ®C and iq: C ^ k denote the multiplication map, the unit, the comultiplication map 
and the counit, respectively, specified with a subscript if necessary. 


1.1 Gaussian binomial coefficients 


Let <7 be a variable. For any j € INq set 


j-i 


0 % — = 


i=0 


q^ - 1 
9-1 


and {j)lg ■= ( 1 ) 5 ( 2 ), • • • (j), = 


(g-l)(g2-I)...(g,--l) 

(9 - ly 


The Gauss binomials are the rational functions in q defined by 


(*)!. 


Uy-qii-jy-q 


for 0 < j < i. 


( 1 . 1 ) 


A direct computation shows that 
= I and 


= q^-^ 


i — 1 

j - 1 


+ 


i — I 
j 


for 0 < j < i. 


From these equalities it follows easily that the Gauss binomials are actually polynomials. The 
Gauss binomials can be evaluated in arbitrary elements of k, but the equality (1.1) only makes 
sense for <7 = I and for <7 7 ^ I such that 9 * ^ 1 for all I < max(j, i — j). We will need the following 
well known result (g-binomial formula). Let i? be a fc-algebra and q € k. li x,y € B satisfy 
yx = qxy, then 


(x + j/)* = ^ 

j=0 


? t — 1 
XJy J 


for each i > 0 . 


( 1 . 2 ) 


Let i,j^^ and let 0 < / < f + j. Using the equality (1.2) to compute {x + yYix + yY in two 
different ways and comparing coefficients we obtain that 



0<s<i 

0<t<j 



(1.3) 
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1.2 Braided Hopf algebras 

Let V, W be vector spaces and lei c. V ^ W he & map. Recall that: 

- If y is an algebra, then c is compatible with the algebra structure of V if 

CO (?7 (g> ly) = ly (g) ry and co (fj, ^ W) = (W 0/j-) o (c 0 V) o (V 0 c). 

- If y is a coalgebra, then c is compatible with the coalgebra structure of V if 

(ly (g) e) o c = e (g) ly and (ly ® A) o c = (c ® y) o (y (g) c) o (A (g ly). 


More precisely, the first equality in the first item says that c is compatible with the unit of V and 
the second one says that it is compatible with the multiplication map ofV, while the first equality 
in the second item says that c is compatible with the counit of V and the second one says that 
it is compatible with the comultiplication map of V. Of course, there are similar compatibilities 
when ly is an algebra or a coalgebra. 

Definition 1.1. A braided bialgebra is a vector space H endowed with an algebra structure, a 
coalgebra structure and a braiding operator c G Antk{H 0 H), called the braid of H, such that 
c is compatible with the algebra and coalgebra structures of H, rj is a coalgebra morphism, e is 
an algebra morphism and 


Aop, = 0 fi) o [H 0 c0 H) o (A 0 A). 

Furthermore, if there exists a map S: H ^ H, which is the inverse of the identity map for the 
convolution product, then we say that H is a braided Hopf algebra and we call S the antipode 
oiH. 

Usually H denotes a braided bialgebra, understanding the structure maps, and c denotes its 
braid. If necessary, we will write ch instead of c. 

Let A and B be algebras. It is well known that if a map c: B 0 A —s- A (g i? is compatible 
with the algebra structures of A and B, then A0 B endowed with the multiplication map 

p := {pA ® Ms) o{A0c0 B), 

is an associative algebra with unit I ® 1, which is called the twisted tensor product of A with B 
associated with c and denoted A0cB. Similarly, if C and D are coalgebras and c: C0D —> D0C 
is a map compatible with the coalgebra structures of C and D, then C 0 D endowed with the 
comultiplication map 

A:={C0c0D)o (Ac 0 Ac), 

is a coassociative coalgebra with counit e0e, which is called the twisted tensor product of C with 
D associated with c and denoted C 0‘^ D. 

Remark 1.2. Let H he a vector space which is both an algebra and a coalgebra, and let 

c: H0H —> H0H 

be a braiding operator. Assume that c is compatible with the algebra and the coalgebra structures 
of H. Then H is a braided bialgebra iff its comultiplication map A: H ^ H 0c H and its counit 
e: H ^ k are algebra maps. 
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1.3 Left iL-spaces, left iL-algebras and left iL-coalgebras 

Definition 1.3. Let be a braided bialgebra. A left H-space (V, s) is a vector space V, endowed 
with a bijective map s: H ®V —> V ® H, called the left transposition of H on V, which is 
compatible with the bialgebra structure of H and satisfies 

{s ^ H) o (H ^ s) o (c ^ V) = {V 0 c) o (s ( 8 > il) o (il (g) s) 

(compatibility of s with the braid). Sometimes, when it is evident, the map s is not explicitly 
specified. In these cases we will say that L is a left il-braided space in order to point out that 
there is a left transposition involved in the definition. We adopt a similar convention for all the 
definitions below. Let {V',s') be another left iJ-space. A fc-linear map fiV^V'is said to be 
a morphism of left H-spaces, from (V, s) to {V, s'), if (/ (g H) o s = s' o (iJ (g /). 

Remark 1.4. Let s: H ®V —> V ® H he a map compatible with the unit, the multiplication 
map and the braid of H and let X C be a set that generates H as an algebra. In order to 
show that s is a left transposition it suffices to check the compatibility of s with the counit and 
the comultiplication map of H on simple tensors h®v with h € X and v G V. 

We let jCTiB denote the category of all left iJ-braided spaces. It is easy to check that this is 
a monoidal category with 

- unit (fc, r), where r:iL(gfc—>-fc(giLis the flip, 

- tensor product 

(U, su) (g (V, sv) ■= {U g) V, S£/®y), 
where su^v is the map su^v ■= {U (g sy) o [su (g V), 

- the usual associativity and unit constraints. 

Definition 1.5. A left H-algebra {A, s) is an algebra in CHB. 

Definition 1.6. A left transposition of H on an algebra A is a bijective map s: H®A —> A®H, 
satisfying 

(1) {A, s) is a left iL-space, 

(2) s is compatible with the algebra structure of A. 

Remark 1.7. A left iL-algebra is nothing but a pair (A, s) consisting of an algebra A and a left 
transposition s: H ^ A —> A® H. Let (A', s') be another left iL-algebra. A map / : A A' is 
a morphism of left 7L-algebras, from (A, s) to (A', s'), iff it is a morphism of standard algebras 
and (/ (g iL) o s = s' o (iL (g /). 

Definition 1.8. A left H-coalgebra {C,s) is a coalgebra in CHB. 

Definition 1.9. A left transposition of H on a eoalgebra C is a bijective map s: H®C —> C®H, 
satisfying 

( 1 ) (C, s) is a left iL-space, 

(2) s is compatible with the coalgebra structure of C. 

Remark 1.10. A left iL-coalgebra is nothing but a pair {C,s) consisting of a coalgebra C and 
a left transposition s: H ® C —> C ® H. Let (C",s') be another left iL-coalgebra. A map 
/: C —> C" is a morphism of left iJ-coalgebras, from {C,s) to (C",s'), iff it is a morphism of 
standard coalgebras and {f ® H) os = s' o{H (g /). 

Since {H, c) is an algebra and a coalgebra in CHB, it makes sense to consider {H, c)-modules 
and (H, c)-comodules in this monoidal category. 
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1.4 Left iL-modules and left iL-module algebras 

Definition 1.11. We will say that (V, s) is a left H-module to mean that it is a left (H, c)-module 
in CHB. Notice that the classical left il-modules can be identified with the left il-modules {V, s) 
in which s is the flip. 

Remark 1.12. A left H-space (L, s) is a left il-module iff L is a standard left il-module and 

s o [H ® p) = {p ® H) o [H ® s) o {c® V), 

where p denotes the action of H on V. Let {V, s') be another left il-module. A map f: V ^ V 
is a morphism of left H-modules, from {V, s) to (V, s'), iff it is an iJ-linear map and the equality 
(/ (g) iJ) o s = s' o (iJ (g) /) holds. We let hBRE denote the category of left iJ-modules in CHB. 

Proposition 1.13 ([3, Proposition 5.6]). The category hCHB is monoidal. Rs unit is {k,T) 
endowed with the trivial left H-module structure, and the tensor product of the left H-modules 
(U,su) and {V,sv), with actions pu and pv respectively, is the left H-space (U,su) ® {V,sv), 
endowed with the left H-module action given by 

Pu®v '■= {pu ® Pv) o {H 0 su 0 V) o (Aff 0 U 0 V). 

The associativity and unit constraints are the usual ones. 

Definition 1.14. We say that {A, s) is a left H-module algebra if it is an algebra in hCHB. 
Remark 1.15. {A, s) is a left iJ-module algebra iff the following facts hold: 

(1) A is an algebra and a standard left il-module, 

(2) s is a left transposition of on A, 

(3) s o [H 0 p) = {p 0 H) o (H 0 s) o {c 0 A), 

(4) po(H 0 pa) = pa o (p 0 p) ° (H 0 s 0 A) o (Ah (gi A (8> A), 

(5) p{h 0 1a) = e{h)lA for all h € H, 
where p denotes the action of on A. 

Let (A', s') be another left il-module algebra. A map /: A —>• A' is a morphism of left 
H-module algebras, from (A, s) to (A', s'), iff it is an il-linear morphism of standard algebras 
that satisfies {f 0 H) o s = s' o (H 0 /). 

1.5 Right iL-comodules and right iL-comodule algebras 

Definition 1.16. We will say that (V, s) is a right H-comodule if it is a right (il, c)-comodule 
in CHB. 

Remark 1.17. A left iL-space {V, s) is a right il-comodule iff P is a standard right iL-comodule 
and 

(v 0 H) o s = {V 0 c) o (s 0 H) o (H 0 v), (1.4) 

where v denotes the coaction of H on V. Let {V, s') be another right iL-comodule. A map 
f:V —>■ y' is a morphism of right H-comodules, from (V, s) to iV',s'), iff it is an iL-colinear 
map and (f 0 H) o s = s' o [H 0 /). We let CHB^ denote the category of right il-comodules in 

CUB. 

Definition 1.18. Let (V, s) be a right il-comodule. An element r S P is said to be coinvariant 
if v{v) = V 0 1h. 

Remark 1.19. For each right iJ-comodule (P, s), the set of coinvariant elements of V, is a 

vector subspace of V. Furthermore, s{H 0 W°^) = 0 H, and the pair (W°^, sycon), where 

SycoH : H 0 ^ ycoH ^ ff [g ^he restriction of s, is a left iL-space. 
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Proposition 1.20 ([3, Proposition 5.2]). The category is monoidal. Its unit is {k,T), en¬ 

dowed with the trivial right H-comodule structure, and the tensor product of the right H-comodu¬ 
les {U,su) and {V,sv), with coactions vjj and vy respectively, is (U,su)^{V,sv), endowed with 
the right H-comodule coaction 

^U(S>V ■= {U <S> V <S> Hh) o (U 0 sv 0 H) o 0 Vy)- 

The associativity and unit constraints are the usual ones. 

Definition 1.21. We say that {A, s) is a right H-comodule algebra if it is an algebra in . 

Remark 1.22. {A, s) is a right il-comodule algebra iff the following facts hold: 

(1) A is an algebra and a standard right il-comodule, 

(2) s is a left transposition of II on A, 

(3) {y 0 H) o s = {A 0 c) o {s 0 H) o (H 0 y), 

(4) yo HA = {pLA 0 pin) o {A0 s 0 H) o {v 0 v), 

(5) y{lA) = lA0lH, 

where y denotes the coaction of H on A. 

Let (A', s') be another right il-comodule algebra. A map f: A ^ A' is a morphism of right 
H-comodule algebras, from {A, s) to (A', s'), iff it is an H-colinear morphism of standard algebras 
that satisfies {f 0 H) o s = s' o (H 0 f). 

Recall that A 0s H denote the algebra with underlying vector space A 0 H, multiplication 
map 

hA(S,,H ■= (ma ® Hh) o(A0s0H) 

and unit \a0^h- Conditions (4) and (5) of Remark 1.22 say that y: A^ A0sII is a morphism 
of algebras. 

1.6 Hopf crossed products and i?-extensions 

Definition 1.23. A left H-space (V,s), endowed with a map p: H 0V —>■ P, is said to be a 
weak left H-module if 

(1) p{1h 0v) = v, for all v €V, 

(2) so [H 0 p) = {p 0 H) o [H 0 s) o {c0V). 

The category whBTLB, of weak left il-modules in CHB, becomes a monoidal category in the 
same way that hBHB does. A weak left H-module algebra {A, s) is, by definition, an algebra 
in ISHBUB. 

Remark 1.24. [A, s) is a left weak H-module algebra iff A is an usual algebra, s is a left trans¬ 
position of on A and the structure map p satisfies the following conditions: 

(1) p{lH0a) = a, for all a € A, 

(2) s o {H 0 p) = {p 0 H) o [H 0 s) o (c 0 A), 

(3) po{H 0 pa) = pa o {p 0 p) o {H 0 s 0 A) o {Ah ® A (g) A), 

(4) p{h 0 1a) = e{h)lA, for all h G H. 

Let A be an algebra and s: H 0 A — A0 H a left transposition. A map p: H 0 A ^ A is 
said to be a weak action of H on (A, s) or a weak s-action of H on A, if it satisfies the conditions 
of the above remark. 
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Definition 1.25. Let A be an algebra, s: H®A —>■ Al(8)iL a left transposition and p: H®A^A 
a weak action of H on {A, s). Let a: H ® H ^ Ahe a. map. We say that a is normal if 

(t(\h ®li)= a(h (g) \h) = e{h) for all h € H, 
and that u is a cocycle that satisfies the twisted module condition if 



More precisely, the first equality is the cocycle condition and the second one is the twisted module 
condition. Finally we say that a is compatible with s if it is a map in CHB. In other words, if 

{a ® H) o {H ® c) o {c® H) = so [H ® a). 

Let S'. H^A ^ A^H be a left transposition, p-. H® A ^ A a weak s-action and ct : H^H —> A 
a normal cocycle compatible with s, that satisfies the twisted module condition. Consider the 
maps X'- H (i) A —> A® H and T'. H ® H —> A® H defined by 

X := (d C) i?) o (iJ (g) s) o (A (g) A) and T := {a 0 ph) o (iL (g> c (g iJ) o (A (g) A). 

Definition 1.26. The crossed product associated with {s,p,a) is the fc-algebra Afi=p^^H, whose 
underlying fc-vector space is A H and whose multiplication map is 

p, := {pA <g i?) o (pA (g J') o (A (g X C) H). 

From now on, a simple tensor a (g ft. of Afi^^ will usually be written afi^h. 

Theorem 1.27 ([3, Theorems 2.3, 6.3 and 9.3]). The algebra is associative and has 

unity Ia#Ih- 

Theorem 1.28 ([3, Propositions 10.3 and 10.4]). The map 

s'.H<^ A#;^^H g H, 

defined by's:= (Algc)o(sgift) is a left transposition of H on Affp^^H and the pair {Affp^^H,s), 
endowed with the coaction va#‘ := A g A, is a right H-comodule algebra. 

Definition 1.29. Let {B,s) be a right ift-comodule algebra and let i: A ^ B be an algebra 
inclusion. We say that {i: A ^ B,s) is an H-extension of A if i{A) = B^°^. Let {i': A ^ B', s') 
be another iJ-extension of A. We say that {i: A ^ B,s) and {i': A ^ B',s') are equivalent 
if there is a right iJ-comodule algebra isomorphism /: {B,s) —> {B',s'), which is also a left 
Al-module homomorphism. 

Remark 1.30. For each ift-extension {i: A^ B,s) of A, the map sa- H ®A —>■ A^H, induced 
by s, is a left transposition (in other words, {A, sa) is a left ift-algebra). 

Example 1.31. (i: T ^ Affp^^H,'s), where i{a) := affln, is an iJ-extension of A. 

Definition 1.32. Let (i: A^ B,s) be an ift-extension. We say that: 

(1) (t, s) is cleft if there is a convolution invertible right iJ-comodule map 7 : {H, c) —> {B, s), 

(2) {i, s) is H-Galois if the map Pb '■ B®aB — B^H, defined by fisib^b') = (&gl//)i/(ft'), 
where v denotes the coaction of B, is bijective. 
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(3) {i, s) has the normal basis property if there exists a left A-linear and right _ff-colinear 
isomorphism (j): {A ® H,sa) —> {B,s), where the coaction oi A ^ H is A ^ A and 
SA = (^ < 8 ) c) o (s^ (g) H). 

Definition 1.33. Let {i: A ^ B,s) be an iJ-extension of A. If {i,s) is cleft, then each one of 
the maps 7 satisfying the conditions required in item (1) of Definition 1.32 is called a cleft map 
of {i, s), and if (z, s) has the normal basis property, then each one of the left ^-linear right and 
iL-colinear isomorphism (p: {A® H, s^) —> {B, s) is called a normal basis of B. 

Remark 1.34 ([3, Section 10]). If 7 is a cleft map of (z: A ^ B,s), then j(1h) G B^ and the 
map 7 ' := j(1h)~^7 is a cleft map that satisfies Y(1h) = 1 b- 

Lemma 1.35. Let H be a braided Hopf algebra and let {i: A ^ B,s) be a cleft H-extension, 
with a cleft map 7 . The map f: H ® A ^ B, defined by 

/ := Mb o (mb (g i?) o (7 (g) z (g) 7“^) o (iJ g) sa) o (A (g) A) 

takes its values in i{A). 

Proof. Let : X ^ X ^ k he the canonical map. We must prove that 

VO f = {f <^'q)o{H (^X^). 

A direct computation shows that 

Vof = VOp,gO g) B) O (7 (g) Z (g 7“^) O (iL g) Sa) O (A g) A) 

= (mb ® Mb) o (B g s g iJ) o (u g) u) o (^b ® -B) o (7 ® ® 7 “^) o (iJ g sa ) o (A g A) 

= (mb ® Mb) ° (mb gsgiL)o(BgsgB)o(ugzg 7“^) o (7 g sa) o (A g A) 

= (mb ® Mb) o (mb g s g iL) o (B g z g iJ g u) o (7 g g 7“^) o (A g sa) o (A g A) 

= (mb ® Mb) o (B g s g iJ) o (fig g iL g u o 7“^) o (i? g z g A) o (7 g s^) o (A g A) 

= (mb g B) o (fig g L) o (B g z g iL) o (7 g s^) o (A g A), 

where 

L ■.= (B ® fig) o (s g B) o (iJ g B07“^) o A. 

Since, by [3, Lemma 10.7], 

L = (B ® fig) o (s g B) o (iJ g 7“^ 0 S)o(H g c o A) o A 
= (7“^ g Mb) o (c g S') o (iL g c) o (iL g A) o a 

= (7“^ g Mb) o (c g S) o (iL g c) o (A g B) o a 

= (7”^ g B) o CO (fig g B) o (iL g S gB) o (A g B) o A 
= (7”^ <8> B) o CO (?7 o e g H) o A 
= 7“^ g rf, 

we have 

bo / = (/ZBgB)o(i?g7“^g?7)o(/ZBgA^)o(SgzgB)o(7gs^)o(AgA) = (/g?7)o(iL g A; 5 ), 

as desired. □ 

Theorem 1.36. Let H be a braided Hopf algebra and let (i: A^ B,s) he an H-extension. The 
following assertions are equivalent: 

(1) (z, s) is cleft. 

(2) (i,s) is H-Galois with a normal basis. 
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(3) There is a crossed product with convolution invertible cocycle a: HH A, 

and a right H-comodule algebra isomorphism 

(B,s) ^ 

which is also left A-linear. 

Furthermore, if j is a cleft map of (i,s) with 7(1//) = Is, then 

(4) The map 4>: (A^ F[, s^) —5- {B, s), defined by 4>(a ® h) := i(a)^(h), is a normal basis 
ofB. 

( 5 ) The weak action p and the cocycle a are given by 

io P = pgo (pg (g) B) o (7 (g) I (g) 7“^) O (g) S^) O (A (g) A) ( 1 . 5 ) 

and 

ioa = pb° (pb g) 7 ~^) o (7 g> 7 g> Ph) o (1-6) 

Proof. The equivalence between the first three items is [3, Theorem 10.6], and the fourth item 
was proved in the proof of that Theorem. It remains to check the last one. By item (4), the 
discussion below [3, Definition 10.5] and the proof of Theorem 10.6 of [3], we know that </> is 
bijective, that 

(i® H)of-^{b) = &(o)7”^(^(i)) g>^2), 
and that the maps p: H ® A ^ A and a\ H ^ H A, are given by 

p{h® a) ■.= {A® e) o (j)~^['^[h)i{a)) and (j{h ® 1) := {A® e) o (j)~^{'^{h)^{l)). 

We must check that p and a satisfy (1.5) and (1.6), respectively. Let / be as in Lemma 1.35 and 
let i~^ be the compositional inverse off: > i{A). Since 

PBoil ®i) = Pbo (pb (g> ?7b o e) o (i? (g) I (g) iL) o (7 g) s^) o (A (g) A) 

= Pb o {B ® pb) o (B g 7“^ g 7) o {pB g A) o (B g z g iJ) o (7 g sa) o (A g A) 

= Pb° (pb <gi Pb) o (7 g f g 7“^ g 7) o (iL g g iL) o (A g sa) o (A g A) 

= Ms ° (/ g> 7 ) o (-ff g> sa) o (A g A), 
and, by Lemma 1.35, 

PBo{f ®l) = (/)o(i“^o/giJ), 

we have 

io p = (i g e) o o /x_B o (7 g i) 

= (i g e) o (j)~^ o /is o (/ g 7) o (iL g s^) o (A g A) 

= (i g e) o [i~^ o / g iJ) o (iL g sa) o (A g A) 

= Pb° {pb g B) o (7 g i g 7“^) o (iL g sa) o (A g A). 

Finally, 

ioa = (i g e) o (f>~^ o pg o (7 g 7) 

= Pb o {B ® 7“^) o 1/ o o (7 g 7) 

= Pb o {B ® 7“^) o (pb g Pb) o (B g s g i?) o ( 1 / g i/) o (7 g 7 ) 

= Pbo {pb <817"^) o (7 g 7 g ph) o Ah(s,<=h, 

as desired. □ 

Remark 1.37. In the proof of Theorem 10.6 of [3] was also shown that (f>: ^ B is an 

algebra isomorphism. 
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2 A family of braided Hopf algebras 


Let G be a finite group, y: G ^ a character, n > 1 in IN, and U G kG, where kG denotes 
the group algebra of G with coefficients in k. Set £ := (G, y, U, n) and write U := X^geG 

Proposition 2.1. There exists an associative algebra Bs such that 


- Bs is generated by G and an element x G Bg \ kG, 

- B := {gx^ : g G G and 0 <i < n} is a basis of Bs as a k-vector space, 

- the multiplication of elements of B is given by: 

3 jx\h)ghx^+^ ifi+j<n, 

[ y*(h)gh[/a;*+'^ ” ifi+j^n. 


iff Xhgh-^ = y"(/i)Ag for all h,g € G, and xid) = 1 for all g € G such that Xg 0. 


Proof. Let V := kxo © • • • © kxn-i, where xq,. .. ,Xn-i are indeterminate. We will prove the 
result by showing that there is an associative and unitary algebra kGffV, with underlying vector 
space kG © V, whose multiplication map satisfies 

{g © Xi){g' © Xo) = X^{g')9g' ® for all i and all (/ G G 


and 


iff 


(1g ©a;i)(lG ® a;^) 


lG®Xi+j iii + j<n, 
U^Xi+j-n if* + J>n, 


(1) xig) = 1 for all g G G such that Xg ^ 0, 

(2) Xhgh-^ = y”(h)Ag for all h,g eG. 

By the theory of general crossed products developed in [1], for this it suffices to check that the 
maps 

P©fcG^A:G©P and B: V ^ kG (g>V, 

given by 


^{xi ® g) := X\g)g'S i Xi and F{xi^Xj) 


IcSxi+j if i+j<n, 
U © Xi+j-n if t + j > n, 


satisfy 


© 1g) = 1g ® a;i, $(xo © 5) = g © xq, F{xq ® xf) = F{xi ® xo) = Ig S Xi, 


V V kG V V V 



where K stands for $, iff conditions (1) and (2) are fulfilled. 

By the very definitions of $ and F, the first four conditions always hold. Assume that the other 
ones hold. Evaluating the fifth one in xi © x„_i © h we see that 

Xggh © Xq = x'^{h)Xghg © xq for all g,h € G, 
g&G g&G 
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or equivalently, 


Aiig/i-i = x"(^)Ag for all g,hGG, 
and evaluating the sixth one in xi 0 Xn-i <8) xi we see that 


x(g) = 1 for all g € G with Ag ^ 0. 

Conversely, a direct computation proves that if these facts are true, then the equalities in the 
last two diagrams hold. □ 


Corollary 2.2. If there is an algebra Bg satisfying the eonditions required in Propositions 2.1, 
and there exists g in the center ZG of G with Ag 7 ^ 0, then x" = 1- 

Remark 2.3. It is clear that if there exists, then Bg is a fc-algebra unitary with unit that 

kG is a subalgebra of Bg and that Bg is unique up to isomorphism. 

Remark 2.4. Using that Bg has dimension n|G| it is easy to see that it is canonically isomorphic 
to the algebra generated by the group G and the element x subject to the relations x^ = U and 
xg = x{9)9x for all 5 € G. 

Given g G k^, let 

Cq-. Bg ^ Bg —> Bg (g) Bg 

be the /c-linear map defined by Cq{gx^ ( 8 > hx^) := gb (g) gx"^. It is easy to check that Cg is a 
braiding operator that is compatible with the unit of Bg. Furthermore, 

- a direct computation shows that Cq is compatible with the multiplication map of Bg iff 
[/ = 0 or g" = I, 

- by Remark 2.4 there exists an algebra map e: Bg k such that e{x) = 0 and e{g) = 1 
for all G G iff X^geG Ag = 0- Moreover, in this case, Cq is compatible with e. 

Proposition 2.5. Let £ be as at the beginning of this section, zGG and q€k^. Assume that 
Bg exists. Then, the algebra Bg is a braided bialgebra with braid Cq and comultiplication map A 
defined by 

A{x) := I ^ X + X ^ z and A{g) := g ^ g for g € G (2.7) 

(Pgx(U = ^ 0 < j < n, 

(2) z € ZG and U = A(z" — Ig) for some A G fc, where X = 0 if z^ ^ Iq and g” 7 ^ I. 

Proof. Since Bg is generated by the group G and the element x subject to the relations x'^ = U 
and xg = x{g)9^ for aU g & G, there exists an algebra map A: Bg — Bg (gc, Bg such that (2.7) 
is satisfied iff the equalities 

{h (g h){g ^ g) = hg ^ hg, 

(1 (g a; + a; (g z)(g ® g) = x( 5 )(ff C) 5)(1 (g a; + a; (g 2 ) 

and 

(1 (g a; + a; (g 2 )” = ^ A/^ (g ^ (2.8) 

leG 

hold in Bg (gc^ Bg for all h,g€G. The first equality is trivial, while the second one is equivalent 
to 

xig) {g gx + gx ^ zg) = x{g) {g ® gx + gx ® gz) for all g G G, 
and so it is fulhlled iff z is in the center of G. In order to deal with the last one, we note that, 
in Bg Bg, 

(I (g a;)(a; ® z) = qx{z) x® zx = qx{z){x (g z){l (g a;). 
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and so, by formula ( 1 . 2 ), 

n 

(1 ( g ) a ; + x ( g ) 2 )” = ^ 
j=o 

Hence, equality (2.8) holds iff 



f g) z^x"' ^ 

j=0 ^-^2 qxiz) 


X]Ail(g)l, 

leG 


which is clearly equivalent to 


= 0 for all 0 < j < n, 

<?x(z) 

and 

y]] A; I g) / = 1 (g) x”+x” (g) = 1 g) H+[/ g z” = y]] 1 (g) Ail+y]] Ai? (g) z”. 

leG leG leG 

If z” = Iq this happens iff A; = 0 for all I € G, while if z” ^ 1g, this happens iff A; = 0 for all 
I zfz 1 ( 3 , z” and if Az»i = — Ai,,. By the way, this computation shows that if A exists, then the 
augmentation e introduced above, is well defined. Moreover, by formula (1.2), 



A(( 7 x*) := (g g ( 7 )(x g z)'^(l g x)* ■’ — y]] f gx^®gz^x^ ^ (2.9) 

j =0 A.1/ gx(z) j^o A-1/ gx(z) 

for all 5 € G and i > 0. Using this it is easy to see that Cq is compatible with A. Since we 
already know that Cq is compatible with 1 Bs j the multiplication map of Bs and e, in order to 
finish the proof we only must check that A is coassociative and that e is its counit. But, since Cq 
is compatible with A and A is an algebra map, it suffices to verify these facts on x and g € G, 
which is trivial. □ 


Remark 2.6. Let £ be as at the beginning of this section. If G = A(z” — Iq) with z G ZG, 
z" Iq and A € then the hypothesis of Proposition 2.1 are equivalent to x" = 1) while if 
U = 0, then the hypothesis of Proposition 2.1 are automatically satisfied. 

Remark 2.7. It is easy to see that {T)qx{z) ~ implies {qx{z))^ = 1 and that if qx{z) is an n-th 

primitive root of unit, then (") = 0 for all 0 < j < n. 

qxG) 

Corollary 2.8. Each data V = {G,x, z, X,q) eonsisting of: 

- a finite group G, 

- a eharacter x of G with values in k, 

- a central element z of G, 

- elements q € k^ and X G k, 

such that 

- qxiz) is a root of 1 of order n greater than 1, 

- j/A(z” - 1 g) 7 ^ 0, then x” = 1, 
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has associated a braided Hopf algebra Hj). As an algebra, H-p is generated by the group G and 
the element x subject to the relations cc" = A(z" — 1 g) and xg = xi9)9^ for all g € G, the 
coalgebra structure of Hp is determined by 

^{ 9 )'■= 9 ^ 9 forg€G, A{x) := 1 ^ x + x ^ z, 

f-ig) ■= 1 for g & G, e{x) := 0, 


the braid Cq of Ftp is defined by 


Cqigx^ ® hxi) := q^^ hx^ ® gx\ 

( 2 . 10 ) 

and its antipode is given by 


S{gF) ■.= {-l)\qx{z)) '^'Pz *5 1 . 

( 2 . 11 ) 


Furthermore, as a vector space Ftp has basis 

{gx^ : g € G and 0 < i < n}, 
and consequently, dim(i7x>) = n\G\. 

Proof. Let £ := (G, x, A(z” —1 g), n) and let Bg be the algebra obtained applying Proposition 2.1. 
Now note that if A(z" — 1 g), then x" = 1 and so g” = = 1- Hence, we can apply Propo¬ 

sition 2.5, which implies that Bg has a braided bialgebra structure with comultiplication map, 
counit and braid as in its statement. Let Ftp denote this bialgebra. It remains to check that the 
map S given by (2.11) is the antipode of Hp. Since 

S o ii{gx^ 0 hx^) = fj, o (S (S> S) o Cq{gx^ <S> hx^), 
for this it suffices to verify that 

S{x) + xS{z) = S'(l)x -I- S{x)z = 0 and S{g)g = gS{g) = 1 for all g € G, 
which is evident. □ 

Remark 2.9. If A(z” — 1 g) = 0, then we can assume without lost of generality (and we do it), 
that A = 0. 

Remark 2.10. Assume that n > 1. The previous corollary also holds if the hypothesis that qx{z) 
is a root of 1 of order n is replaced by (”) = 0 for all 0 < j < n. However, from now on we 

^3'qxiz) 

will consider that qxiz) is a root of 1 of order n. 

3 Right f/x)-comodule algebras 

Let G be a group, P be a fc-vector space and s: k[G] 0 P —>■ P 0 fc[G] a fc-linear map. Evidently, 
there is a unique family of maps (a|: P —>■ V)x,yeG, such that 

s{x ^v) = ^ ® y- 

y&G 

Proposition 3.1. The pair (P, s) is a left k[G]-space iff s is a bijective map and the following 
conditions hold: 

(1) (a^)ygG is a complete family of orthogonal idempotents, for all x G G, 

( 2 ) al = id, 

(3) aly = Y.uw=z ° » for all x,y,z€ G. 

Proof. Mimic the proof of [3, Proposition 4.10]. □ 

For x,y G G, let Vf := {v gV : s(x ^ v) = v 0y}. 
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Proposition 3.2. The pair (P, s) is a left k[G]-space iff: 

(1) ©.eG Kf = = ©.eG K", for all x€G, 

(2) Vf = V, 

(3) Vfy = n for all x,y,ze G. 

Proof. Mimic the proof of [3, Propositions 4.11 and 4.13]. □ 

Theorem 3.3. If G is a finitely generated group, then each left k[G]-space (V, s) determines an 
Ant (G) -gradation 

V= 0 Pc 

Au.t{G) 

on V, by 

Pc := = {v & V : s(x (g) v) = v 0 ((x) for all x € G}. 

x^G 

Moreover, the correspondence that each left fc[G]-space (P, s), with underlying vector space V, 
assigns the Ant (G)-gradation of V obtained as above, is bijective. 

Proof. Mimic the proof of [3, Theorem 4.14]. □ 

In the sequel V := {G,x, z, X,q) and Hxi are as in Corollary 2.8 and we will freely use 
the notations and properties established there. Furthermore, to abbreviate expressions we set 
p := x(z)- We now begin with the study of the right i?D-braided comodule algebras. We 
let Aut^,z(G) denote the subgroup of Aut(G) consisting of all the automorphism f such that 
(/)(z) = 2 ; and X°4‘ = X- 

Proposition 3.4. If {p,q) (1,-1), then for all left Hxi-space (P, s) it is true that 

s{kG®V) = V®kG, 
s{z 0 u) = V ® z for all v €V, 
and there exists a G Aut(P) such that 

s(x ^ v) = a(v) 0 X forallvGV. (3-12) 

Proof. Write 

s{gx^ 0v)= ^ Phjir) 0 hxP 
heG 

0 <j<n 

Since S‘^{gx'') = we have 

heG 

0 <j<n 

= so (5'^ (g) V){gx^ 0 v) 

= (P (g) o s{gx^ 0 v) 

= Phj{r)(^S'^{hx^) 

hGG 

0 <j<n 

= ^ /3lj{v) 0 hxf 

heG 

0 <j<n 

and consequently, 

/JS’I ^ 0 q3U-i)-di-i) = pj-y (3,13) 
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Using now that s is compatible with A, we obtain that 


EE 

h^G i=0 
0<i<n 


(g) hx^ (g) hz^x^ -^ = (U (g A) o s{g (g) v) 


Hence, 


ogfi r,gfi _ 

PhA “ Ph'i’ — 


= (s (g H-p) o {Hp g s) o (A g V ')(5 g v) 

= ^ ^ /3f’°o/39;°,(v)g/ia;*ghV' 

h^G h'eG 

0<i<n 0<i'<n 


if h'= hz^ and z + z'< 
0 otherwise. 


(3.14) 


(3.15) 


Combining this with (3.13) we obtain that 

/3f;° 7 ^ 0 ^ /3f’° ^ 0 for all j < i 


q- 


JU 1) _ pj fQJ. j < 


Consequently, if /3®’. ^ 0 for some g € G and i > 1, then p = = 1. Hence if p ^ 1, then 

/3^’° = 0 for all (/ e G and i > 1. Assume that p = 1. If ^ 0 for some g € G and i > 2 , 
then = 1. But this is impossible, since it implies that n := OTd{qp) = ord{q) < 2, which 

contradicts that i < n. Therefore 


s{g g u) = 


ifp¥=f, 

. T^heG ® ^ + E/.GG if p = 1 . 


(3.16) 


^heG^^h,! 

On the other hand, due to s is compatible with the counit of Hp, we get 

= id for all g gG, 

HgG 

which, combined with the particular case of (3.15) obtained by taken i = i' = 0, shows that 

{l^ho)hGG i® ^ complete family of orthogonal idempotents for all g G G. (3.17) 

Equality (3.16) shows that if p 1, then s{kG g U) C U g kG. Assume now that p = 1 and 
q ^ —1 (which implies n > 2). Using that s is compatible with the multiplication map of Hp we 
get that 

V g 1 = s{g~^g g v) 

= (u g p) o (s g Hp) o [Hp g s)(g“^ g p g u) 

= ^ ^ Pip o /3f(u) g W + ^ ^ x{l)Plp o Pip (v) O hix (3.18) 

heGieG heGieG 

+ ® Wa;+ ^ ^x(0/3m o pff [v) ® hlx^. 

heGieG heGieG 

Consequently, 

=idv’ 

heG 

which by (3.17) implies that 

/3g_i ’q (u) = V for all v € lm(/3^’Q) and h,g G G. 
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Since (/3g;o)^gG il^h,o’°)heG are complete families of orthogonal idempotents, from this it 
follows that 

= forallh,5eG. 

Combining this with (3.18), we conclude that 


0 = ^ ^ (v) o /3ff (v) O hlx 

heGieG heGieG 

-EE x(0/^li ’°o/3f-i o°(w) ® Wa; + EE Ph-\o°Pff{v)®hlx 

heGieG heGieG 

= E ® + E ® 


where the last equality follows from the fact that by (3.15) 


33. 0 „ 03, 0 


1 ° Ph',0 ~ 


if h' = hz, 
0 otherwise, 


and /3 I;oO/3S;° = 


3^ if h' = h, 

) otherwise. 


Note that by (3.17) and the second equality in (3.20), the images of the maps are in direct 
sum, for each g € G. Hence, from (3.19) it follows that if z ^ 1, then /3®’° = 0 for all g,h € G, 
which by equality (3.16) implies that s{kG 0 F) C 1/ (g) kG. We now assume additionally that 
z = 1. Then Prim(i7i5) = kx and so, by [3, Proposition 4.4] there exists an automorphism a of 
V such that s(a; (g) u) = a(v) (g) x for all v €V. Furthermore, by the compatibility of s with Cq, 

E ° “(^) ® a; (g) h + g ^ o a{v) ®x®hx 

heG heG 

= (H (g) Cq) o (s (g) Ht>) o [H-d ® s){g ® X ® v) 

= (s (g) Ht>) o [H-d ® s) o {cq ®V){g ® X ® v) 

= ^ ^ a o /3®]°(u) ®x®hx 


for all g € G, and therefore 

a o /3®’g = /3®’g o a and a o o a for all h,g € G. 

Using now that s is compatible with the multiplication map of Hxi, we obtain that 

xig) E o “(^) '^hx + xig) E ° ® 

heG heG 

= (U (g) /i) O (s (g) Hxi) o {Hx (g) s){x{g)g 0 a; <g) u) 

= (s (g) Hx) o {Hx (g) s) o (^ (g) V){x{g)g ®x®v) 

= (s (g) Hx) o {Hx (g) s) o (^ (g) V){x (g) g (g) u) 

= (U (g) /i) o (s (g) Hx) o {Hx (g) s){x (g) g (g) u) 

= E “ ° (g) /ix + ^ x(/i) a o /3®]°(u) ® hx"^ 

heG heG 

for all g € G, which combined with (3.21) gives 

xig) Phi o a = Xih) a o /3®;° = x(h) o a 


(3.21) 


xig) Phi o « = Xih) a o /3®;° = x(h)g /3®;° o a 
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for all g,h € G. Since a is bijective, from (3.22) it follows that if /3^’p ^ 0, then xig) = xW- 
Combining this with (3.20), we see that ^ 0 ^ /3®’q 7 ^ 0 ^ x(ff) = xW- Therefore, 
from (3.23) it follows that if there exist g,h € G such that 7 ^ 0, then <7 = 1, which is false. 
So, = 0 for all g,h G G. This concludes the proof that s(kG (g) fo) C fo (g) kG. But then a 
similar computation with s replaced by shows that s{kG'^V) 3 V ®kG, and so the equality 
holds. 

We now return to the general case and we claim that 

(1) = 0 for all h € G and j > 2, 

( 2 ) = 0 for h 7 ^ 1 g, 

(3) is bijective, 

(4) Plfi = id and = 0 for h 7^ z, 

(5) Phi = 0 for h ^ {1 g, 2}, 

( 6 ) If z 7 ^ 1, then q = —/3i 0 while if z = 

In fact, s{kG (g fo) C F (g kG means that 
compatibility of s with A, 

Phliv) (g hx^ (g hz^x^~^ = 

h^G i =0 W/ qp 
0<2<n 


+ 

0 <i<n 


Ig, then PII = 0, 

= 0 for all g,h G G and j > 0. Hence, by the 


(F (g A) o s{x (g v) 


{s (g H-u) o {Hx: (g s) o (A (g V){x (g v) 

y^ /3^’■ (u) (g 1 g hx* (3.24) 

heG 

0<i<n 

h,lGG 


This implies that items (1) and (2) are true and that 

(8) PII = P\l ° Plfi and o /3^’° = 0 for all h G G \ {z}, 

(9) P]^l = P]:loP^^l and = -Pliop^^l for all h G G \ {Ig}, 

(10) I3];l o /3}’° = 0 for all h G G. 

By items (I) and (2) and condition (3.13), 


P\li{v)®x ifpT^l, 

P\l{v) ® X + Y.h^G Phfii'^) ® h ifp= I. 


(3.25) 


This immediately implies that (3\’\ is injective. In fact, if P\'\{v) = 0, then s(xgu) G s{kG®V), 
and so u = 0 since s: Hx> g F —>• F g Hx> is injective. Item (4) follows from item ( 8 ) and the 
injectivity of Hence, by item (9), we have o = 0 for all h G G \ {Ig,-7}, 

proving item (5). Note also that by items (4), (9) and (10), 


oi.i _ J Pi’fi ° Pzfi — Pip a z ^ Ig, 
" l/3i:d°/3i.o =0 if^ = lG, 
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which proves item ( 6 ). Combining item (4) with the fact that /3^’° = 0 for all ft. € G and j > 0, 
we deduce that 

s{z ^v)=v^z for all u G V. 

Furthermore, by items (5) and ( 6 ), equality (3.25) becomes 


iip^loiz = lG, 

Pip (w) ® a; + /3i g (?;) (g) Ih^, - (w) Ci ^ otherwise. 


(3.26) 


Next we prove that if p = 1 and q ^ — 1 , then g =0. If 2 ; = 1g this was checked above. So we 
can assume that z 7 ^ Iq- To abbreviate expressions we set a := I3\'\ and j3 := /?;[ g. Evaluating 

(s (g) Hx>) o {Ht> (g) s) o {cq (g) E) and (V (g) Cq) o (s (g) H-d) o (g> s) 
in a; (g) X (g> for all V € V, and using (3.26) and that these maps coincide, we see that 

qP o a = ao j3 and qao (3 = j3 o a. 

Then q^a o /3 = a o /3, and so /3 = 0, since < 7 ^ 7 ^ 1 and a is injective. Hence (3.26) becomes 

s(x (g) u) = a{v) (g) V for all v gV. 

Consequently s(x 0 V) C V 0 x and a similar computation with s replaced by shows that 
s(x 0 V) 0 V 0 X, which immediately proves that a is a surjective map. □ 


In the rest of the paper we assume that (p,q) 7 ^ (I, — I). 

Proposition 3.5. Let V be a k-veetor space endowed with an Auty^^ziG)-gradation 

V= 0 Ec 

CeAut,,.,2 (G) 

and an automorphism a: E —> E fulfilling 

- a(y,^) = E^ for all f G Aut,^, 2 (G), 

- a” = id z/A(z” - 1 g) 7 ^ 0. 

Then the pair (E, s), where s: H-d 0 V —> V 0 Hj) is the map defined by 

s{gx^ 0 v) := a^{v) 0 C{g)x^ for all v G E^, (3.27) 

is a left H-p-space. Furthermore, all the left Hp-spaees with underlying k-vector spaee V have 
this form. 

Proof. It is easy to check that the map s defined by (3.27) is compatible with the unit, the 
counit, the multiplication map and the braid of Ftp. So, by Remark 1.4, in order to check that 
s is a left transposition it suffices to verify that 

(s 0 Hp) o {Ftp 0 s)o{A0 V)(x 0v) = {V 0 A)o s{x 0 v) 

and 

(s 0 Hp) o (Hp 0 s) o (A 0 V){g 0 v) = {V 0 A) o s{g 0 v) for g G G, 
which is clear. 

Conversely, assume that (E, s) is a left Hp-sp&ce. By Proposition 3.4 and Theorem 3.3, we 
know that there exist an automorphism a of E and a gradation 

E= 0 Ec 

Aut{G) 
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of V, such that s(g (E> v) = v (E> C(g) and s(x i8> v) = a(v) 0 x for all (/ S G and v G Again 
by Proposition 3.4, we also know that s(z (S> v) = v 0 z for all v € V. Therefore, if ^ 0, then 
C(z) = 2 . Now, let g € G and u G \ {0}. A direct computation shows that 

a(v) 0 x((g) = s(xg 0 v) 

= s{x{g) 9 x 0 v) 

= ® x(5)^(5)a: 

4>GAut{G) 

= <^(.'^)'P^x{9)x{<P{9))~^x(j){g). 

<p^Aut{G) 

Since g is arbitrary, from this it follows that a(w )0 = 0 for cj) ^ and that xiCig)) = xig)- So 

a(Vc) = and x°C = X- 
Lastly, suppose that X{z'^ — 1g) ^ 0. Then 

V 0 A(z" — 1g) = s(A(z" — 1g) 0v) = s(a;" 0v) = a"'{v) 0 x"' = a"(v) 0 A(z" — 1g), 
for each v € V. This shows that a" = id and finishes the proof. □ 

Our next aim is to characterize the right iLx>-braided comodule structures. Let (V, s) be a left 
iLi 5 -space and let 

V= 0 and a:V —5-F 

CeAut„.,3 (G) 

be the decomposition and the automorphism associated with the left transposition s. Each map 

ly: V — >V0Ht> 

determines and it is determined by a family of maps 



(3.28) 

v(v)-.= ^ Uf{v)0gx\ 

(3.29) 


geG 

0 <i<n 


Proposition 3.6. The pair (V, s) is a right Hj)-comodule via v iff 

(1) U!iVc) c for all g G G, f G Autp^_z(G) and i G {0,1}, 

( 2 ) (C/g )ggG is a complete family of orthogonal idempotents, 

(3) Uf = C/® o Uf = C/f o C/®^ for all g€G, 

(4) Uf = (70 Uf o o • • • o for all g € G and 1 < i < n, 

(5) Uf oUf"o---o = 0 for all g€G, 

(6) aoUf = Uf o a and qaoUf = Uf oa for all g G G. 

Proof. For each v € Vq, h € G and 0 < j < n, write 

H 'Vith G V^. 

(pGAut^^z(G) 

{v 0 Ht>) o s{gx^ 0 v) = ^ Uj{a’‘{v))0hx^0({g)x^ 

heG 

0 <j<n 


Since 
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(V 0 Cq) o (s (g) H-d) o {H-d (g) v){gx^ ®v) = E E g*-’ a^{Uj{v)^) (g> hx^ (g> (/)(g)a;* 


h^G (h^Auty z{G) 
0<j<n 


the map u satisfies condition (1.4) in Remark 1.17 iiT 

Uj(a''{v)) (g> hx^ g) C(5)a;* = a'‘[Uj{v)fp) (g> (g> 4>{9)x\ 


heG 

0<j<n 


h^G (h^Anty z(G) 
0<j<n 


for all C G Autp^,z(G), v &Vq, g € G and 0 < i < n. Since Q, v and g are arbitrary, a{V^) = 
for all (p G Autj(^_z(G), and a is bijective, this happens iff 


Gf iVQ)CVc and aoUj = UjO^, 


for all h, j, and On the other hand, since e{gx^) = Joi, the map v is counitary iff 

Et^o 

geG 

and since 


(3.30) 


(3.31) 


(R (g> A) o u(r!) = Gf (ji) (g) A(ga;*) = E E ■ Gf (v) (g) gx^ g) gz^x 


geG i=o gp 

0<i<n 


{v g) Ht>) o v{v) = iz(ul^{v)) g hx^ = E E Uj[ul^{v)) g gx^ g hx\ 


h^G 9^G 

0<l<n 0<j<n 


it is coassociative iff 


GfoG, = J'' ^ 'gp 

3 ‘ In 


if h = and j + l < 


otherwise. 


(3.32) 


Thus, in order to prove this proposition we must show items (l)-(6) are equivalent to condi¬ 
tions (3.30), (3.31) and (3.32). It is evident that (3.30) implies items (1) and (6), while items (2) 
and (3) follow from (3.31) and (3.32). Finally, using (3.32) again it is easy to prove by induction 
on j that items (4) and (5) are also satisfied. Conversely, assume that the maps Gf satisfy 
items (l)-(6). It is clear that item (2) implies condition (3.31), and equality (3.30) follows from 
items (1), (4) and (6). It remains to prove equality (3.32). We claim that 


f fz' f g/ ■ if i -I-j < n, 

* ' 10 if i -I- j > n. 


(3.33) 


By item (2) this is true if j = i = 0. In order to check it when j > 0 and i = 0 or j = 0 and 
i > 0, it suffices to note that by items (3) and (4), 


= -—u'ou(o...our 


rf Tif. 




i^y-gp ' 


G/ O • ■ • o G/^ = up 


Ui o ut' = ^ G/ O . . . o O ut' = T^U(o...o uf = G/, 

K^J'qp \^}'qp 

respectively. Assume now that j > 0 and f > 0. Then, by item (4), 

G/ o uf/ = G/ O . . . o g/"'"' o g/"' o .. . o , 

V'V-gp \J)-qp 
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and the claim follows immediately from items (4) and (5). Note now that (3.33) implies that 

u{ o = [// o ul"' o o 

which, combined with item (2), shows that 

ufoU^ = 0 iih^fz\ 

hnishing the proof of (3.32). □ 

Corollary 3.7. Let V be a k-vector space. Each data consisting of 

- a G X Autx,z{G)-gradation V = 0 V,,cofV, 

(g.O&GxAuty^^ziG) 

- an automorphism a: V V of V such that 

a" = id if X{z^ — 1g) 7^ 0 and cx{Vg^,^) = Vg^Q for all (g, C) G G x Aut;^^z(G), 

- a map U: V ^ V, such that 

Uoa = qaoU, i7" = 0 and U{Vg^(f} QVgz-ifor all {g,C,) ^ G x Aui^^z{G), 


determines univocally a right Hj)-comodule (V,s), in which 

- s: Hj) <8) V —> V is the left transposition of Hj) on V associated as in (3.27) with 

the map a and the A\xty^^z(,G)-gradation ofV 

^ = 0 ^C- w/iere := 0 Vg^, 

CeAut^_^(G) geG 

- the coaction v: V ^ V (g> Hj) of fV, s) is defined by 

n —1 - 

v{v) := —Yj— U^{v) (8) z~^gx^ for all v G Vg, 

j=0 ^dj-qp 

where, for all g G G, 

Vg ■■= 0 

CeAut,,.,2;(G) 

Furthermore, all the right Hxi-braided comodules with underlying k-vector space V have this form. 


Proof. Assume we have a data as in the statement. Then we define a family of maps as in (3.28), 
by 

- U^iv) ■■= TTgiv), where iTg-.V^Vgis the projection onto Vg along Vh, 

- Uf := C/|o{7o[/|^ 

- Uj = Uf o Uf^ o • • • o for all 1 < j < n. 

We must check that these maps satisfy the conditions required in Proposition 3.6. Item (1) is 
fulfilled since U{V(^) C and Uq{Vq) C for all g G G, items (2)-(4) hold by the very definition 
of the maps Uf, and item (6) is fulfilled since a(Vg) = Vg for all g € G and U o a = qaoU. We 
next prove item (5). Since G" = 0, this trivially follows if we prove that, for all j > 1, 


Gf o Gf ^ o ■ • ■ o Gf ' (v) 


(v) if i; e VgzJ , 

0 if i; G 14 with h ^ gz^. 


Clearly if i; G 14 with h gz^, then G®^ (v) = 0, and so 

Gf o Gf^ o ■ • ■ o (v) = Gf o ■ • ■ o o uf (v) = 0. 
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It remains to consider the case v € Vg^i We proceed by induction on j. If j = 1, then 

Uf{v) = Uq oU o Uq^{v) = Uq oU{v) = U{v), 
because U{v) S Vg. Assume now j > 1 and the result is valid for j — 1. Then 

C/f o C/f o ■ • ■ o (u) = C/f o ■ • ■ o C/fo (u) = C/f o ■ • ■ o C/fo U{v) = W{v), 

where the last equality follows from the inductive hypothesis and the fact that U{v) € Vg^j-i- 
Conversely assume that {V, s) is a right -ffx>-comodule via a coaction v: V ® Hx:. Let 

V = 0 and a: V —V 

CeAut^,2;(G) 

be the decomposition and the automorphism associated with s (see Proposition 3.5). By items (I) 
and (2) of Proposition 3.6, we know that, for each ( G Aut;^^ 2 (G), the maps Uq’s determine by 
restriction a complete family (Ug : ^ P^)ggG of orthogonal idempotents. Let 

= 0 Kx 

geG 

be the decomposition associated with this family. Clearly 

0 ^4.C- 

(ff:()^GxAuty-^z (G) 

By item (6) of Proposition 3.6, we have aoUg = C® o a for all g £ G. Since, by Proposition 3.5 
we know that a(P^) = for all C € Aut(G), this implies that 

GiVgx) = Pg,c for all (g, C) G G x Aut;^,2(G). 

We now define a map G: P —>■ P by 

U{v) = Uf{v) for all v G Pgz.c- 

From items (3) and (5) of Proposition 3.6, it follows that G” = 0, and using the second equality 
in item (6) of the same proposition, we obtain that aoU = qUoa. Finally, by items (I) and (3) 
of Proposition 3.6, we have U{Vg^Q) C for all {g, () G G x Aut;^^ 2 (G). 

We leave the reader the task to prove that the construction given in the two parts of this proof 
are reciprocal one of each other. □ 

Remark 3.8. Assume that g = I, or equivalently, that iJ-p is a Krop-Radford Hopf algebra. In 
this case (P, s) is a standard iLp-comodule (that is, s is the flip) iff Vg^ = 0 for ^ 7 ^ id and a is 
the identity map. Hence, in order to obtain the standard iLp-comodule structures, the conditions 
that we need verify (given in Corollary 3.7) are considerably simplified. 

Corollary 3.9. With the notations of the previous corollary, = Vi^ fl ker(G). 

Proof. This is an immediate consequence of Corollary 3.7. □ 

Proposition 3.10. Let B be an algebra. If 

B= 0 Be (3.34) 

CeAut„,„(G)°p 

is an Autp^,z(G)°P-gradation of B as an algebra and a: B B an automorphism of algebras that 
satisfies 

- a{Be) = Be for all f G Aut;^^z(G), 

- a” = id z/A(z” - 1g) 0, 
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then, the map s: Hj) <8) B —> B (g) Hxi, given by 

s{gx^ ®b) = a^{b) (g C{g)x^ for all b € Bq, (3.35) 

is a left transposition of Hj) on the algebra B. Furthermore, all the left transpositions of Hx> on 
B have this form. 

Proof. By Proposition 3.5 in order to prove this it suffices to check that the formula (3.35) defines 
a map compatible with the unit and the multiplication map of B iff (3.34) is a gradation of B 
as an algebra and a is an automorphism of algebras. We left this task to the reader. □ 

The group Aut^ ziG) acts on G'°p via C-q := C(q). So, it makes sense to consider the semidirect 
product G{x,z) := G°p xi Autx,z(G). 

Definition 3.11. Let V = (G, x, z, A, q) be as in Corollary 2.8 and let B be an algebra endowed 
with an algebra automorphism a: B ^ B, a map U: B ^ B and a G(x, 2 :)°P-gradation 

B= 0 Bgx, (3.36) 

(s.C)eG(x.z)°p 

of B as a vector space. We say that the decomposition (3.36) of B is compatible with V if one of 
the following conditions is fulfilled: 

(1) A(z” — 1 g) = 0 and (3.36) is a gradation of B as an algebra. 

(2) A(z"-1g)^0, 

BgxBh,,p C B,p(^g)h,<tK.c ® for all {g, (), {h, 0) G G(x, 2 )°^, (3.37) 

and, for each b G Bg^ and c G the homogeneous component {be)z-r^^(g)h, 4 >oC of be 
of degree {z~"‘(j){g)h,(j)oC,) is given by 

:= -AE (3.38) 

j=l Gi-QPy"' J)-qp 

Theorem 3.12. Let B be an algebra. Each data consisting of 

- a G{x, z)°'^-gradation 

B= 0 Bgx, (3.39) 

(s.C)6G(x,z)°P 

of B as a vector space, 

- an algebra automorphism a: B ^ B of B such that 

a” = id if A(z” - Iq) ^ 0 and a{Bgx) = Bg^ for all {g, C) G G(x, z)°'^, 

- a map U: B ^ B such that 

the decomposition (3.39) is compatible with V, 

U o a = qaoU, 

G” = 0, 

U(Bgx) C 0 e G(x, z)°P 


and 


U{bc) = bU{c) + x{b)U{b)a(c) for all b € B and c G B^, 

■= 0 Bhx 

CeAut,^,2;(G) 


(3.40) 


where 


for all h € G, 
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determines a right H-p-comodule algebra {B,s), in which s: Hx> <8) B —> B (g) H-p is the left 
transposition of Hp on B associated with the map a and the Aut^,ziG)°'^-gradation of B 

B= 0 Be, (3.41) 

C6Aut^,,,(G)°P 


where Bq := ^g.C- coaction v. B —> B 0 Hp of (B, s) is given by 


1 

v{b) := TfrU\b) (8> z-^gx^ for all b £ Bg. (3.42) 

Furthermore, all the right Hp-braided comodule algebra structures with underlying algebra B are 
obtained in this way. 

Proof Let {B, s) be a right iJij-comodule, with s a left transposition of Hp on the algebra B. 
Consider the subspaces Bg^e of ^ the maps a and U associated with {B, s) as in Corollary 3.7. 
By that corollary, Proposition 3.10, and Remarks 1.17 and 1.22, in order to finish the proof it 
suffices to show that the coaction u of {B, s) satisfy 


^{Ib) = 1b and v o plb = {piB ® Ii-Ht,) ° {B ® s ® Hp) o [u ® u) (3.43) 


iff the decomposition 


B= 0 Bg,e, (3.44) 

(g.C)eG(xA)°p 

of B, is compatible with V and U satisfies condition (3.40). First we make some remarks. Let 
b G Bg e and c G Bh^rj)- f^e definition of u, 

n— 1 1 

'^{bc) = YY1 ® (3.45) 

i=o /eG 

On the other hand, a direct computation shows that 


71 ItT. 1 _ (J->\j 

F{b,c) = -U\b)a^ {U\c)) (g) z-^-^(t>{g)hx^+^ 

j=0 i=0 G)-qpKl)-qp 

V~G-i)3'y(hV 

= 11 Y. L 1 

u=0 j=0 G)-qp[U J)-qp 

0<u—j<.n 


(3.46) 


where to abbreviate expressions we write 

F{b, c) := {fiB <g) /Jjji,) o (B (g) s (g) Hp){v{b) (g) v{c)). 


Aiib,c) 


ij)'-qpiu - j)'-qp 


U^b)a^ (U^-^c)). 


Set 
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2 = 0 J-=2 + l 

0 z~^4){g)hx^ 


>z-^-^cj){g)hx\ 


Since x” = X{z‘^ — 1g), equality (3.46) becomes 

n—1 i n—1 n—i 

F{b,c) = EE Ai{b,c)iSiz + A 

2=0 j — 0 

n—1 / i n—1 

2=0 0 J —2 + 1 

n—1 n—1 

“EE 

2 = 0 J —2 + 1 

(3.47) 

Next we prove the part =J>). We assume that A(z” — 1 g) ^ 0 and leave the case A(z” — 1 g) = 0, 
which is easier, to the reader. To begin with note that by the first equality in (3.43), 

1b G Big = ^ ^Ig.C- 

CeAut„.,2; (G) 

Since, on the other hand, (3.41) is a gradation of B as an algebra, necessarily 

1b G Sid = +,id) 

g&G 

and so 1b G Sicid- Recall that b G Bg^Q and c G Bh,^. Since by the second equality in (3.43), 
equations (3.45) and (3.47) coincide, we have 


r + (6, c) + A X;j=i +(&, c) if / = (t>{g)h, 
ibc)f = < Ai(b,c) if / = z-'^(j){g)h, 


10 


otherwise. 


and 


Ej =0 c) + AX ;"=2 ++n(^: c) if / = (j){g)h, 

n—1 


t^((M/)= -A ++„(&,c) 


(3.48) 


(3.49) 


if / = z-+(5)/i, 

0 otherwise. 

Since, by Proposition 3.10, we know that be G B^o^, from equality (3.48) it follows easily that 
the decomposition (3.39) is compatible with 1) (recall that if A( 2 ;” — 1g) ^ 0, then p” = 1). 
Finally, by (3.49) 

1 n—1 n—1 

U{bc) = '^U{{bc)f) = ^+(6,c) + A^++„(6,c) - A^++„(6,c) =+(6,c) ++(6,c), 

/ 1=0 j =2 j =2 

and so, (3.40) is true. 

We now prove the part <;=). So we assume that the decomposition (3.44) is compatible with 
V and that U satisfies (3.40). Again we consider the case A(z” — 1 g) ^ 0 and leave the case 
A( 2 ;" — 1g) = 0, which is easier, to the reader. To begin with note that j^(1b) = 1b ® Ib^, 
because 

IbGRig and [/(Is) = iBt/)!^) + C/(1 b)1b ^ C/(1b) = 0 . 

So, we are reduce to prove that the second condition in (3.43) is fulfilled. By equalities (3.45) 
and (3.47), this is equivalent to prove that for all 0 < i < n and / G G, 


1 


'Ei=o c) + A EpVi ^+u(b, c) if / = H9)h 

•yn—1 




-t^*(+)/)= -AE”EiAI+„+c) 


if / = 2 '^(l>{g)h, 
otherwise. 


(3.50) 
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For i = 0 this follows easily from the fact that equality (3.38) holds and 

since the decomposition (3.44) is compatible with V. Assume by inductive hypothesis that 
equality (3.38) is true for i and that i < n — 1. This implies that 

((6c)/) = -A Ej=i+1 U{Al^^{b, c)) if / = z-’^(j){g)h, 

I 0 otherwise. 


So, we must prove that 


n —1 


n —1 


G , UiAl^Jb,c))= ^i+i+nib,c) 


and 


j=i+2 


i+1 


I* + ^hP j=0 


(3.51) 


(3.52) 


Recall again that b G Bg^,^ and c G Using the equality (3.40) and the facts that Uoa = qaoU, 
U'^{c) G /, for all u G IN, and p” = 1, we obtain 

U{z^,{h,c)) = Jxihy u{W{b)a^{U^-^{c))) 


(j)'<?p(* jY-qp 

^(hy 

(j)!gp(* - j) 


'—(yuyb)a^{W+^-yc)) + p'-^x{h)U^^^ib)a^+^ (W-yc))] 

■qp ^ ' 


and 


= '^^X(y (gJt/J(6)a^'(f/J+i+"-J(c)) + p^-\{h)U^+\b)a^+\U^+^-yi 

\jYqp\} + ^ ~ Jj'ijp 

Since [/" = 0, this implies that 

±v(Aiq,,c)) = 


J=0 


J=0 




i=o 


{jYqpii-jY 


qp 






9P 
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and 


Y: C/(.4L„(6.c)) = (,-v « + , C(l,)D(D+'+"-J(c)) 

5 = 1+1 ,= 1+1 ^'-++11 + 11 J )-, 

n —1 




j=i+l 
n—1 


(j)!gp(* + n-j)!q 




^“^2 0')’9p(*+'^-J)!9P 

Consequently in order to finish the proof of equalities (3.51) and (3.52) it suffices to see that 

(* + l) 


qp 


(* + l)!gp i^Y-qp 

{i + ^)qpXihy^^ ^ x{hy^^ 
(* + l)!gp yV-qp 


pU-^-i)jxihy 


UYqpi'i' jY-qp (j l)-ijp(* + 1 iYqp 


{jY-qp^ + ^-jY qp 

and 

ji + l)qpP^^~'‘~'^'^^xjhy ^ pfa-dj;^(fe)jgj _ 

0')!9p(* + 1 + ^-J)!9P {jY-qp^ + n - JY-qp (j “ 1) V (* + 1 + ^ “ j) 

But the first two equalities are trivial and the last ones are equivalent to 

(* + l) 9 p =p'q^ii + l- j)qp + ij)qp for 1 < j < i 

and 

(* + l) 9 p = p’q^ii + l + n- j)qp + {J)qp for i + 2 < j < n 

which can be easily checked. 


for 1 < j < t 


for z + 2 < j < n. 


□ 


Remark 3.13. Assume that g = 1, or equivalently, that Hj) is a Krop-Radford Hopf algebra. 
In this case {B, s) is a standard iJ-p-comodule algebra (that is, s is the flip) iff = 0 for 
C 7 ^ id and a is the identity map. Hence, in order to obtain the standard iJp^-comodule algebra 
structures, the conditions that we need verify (given in Theorem 3.12) are considerably simplified. 


Remark 3.14. Let {B, s) be a right iJ-p-comodule algebra and let Bq '■= 
Note that 

Be = ker(f7) = 0 Bg^Q n ker(f7). 

( 9 .C) 6 G(x,z)°p 


{6 € H : vih) G B®kG}. 


Moreover, 


i^iBa) QBa® kG, 

because {v (8> Hd) ov = B®J\)ov. Consequently, since 

[B (g) Cq) o (s (g) Ht>) o {Hx> ®v) = {v® Hx>) o s, 
we have s(i?T> ® Bq) Q Bq (g> H-p- Similarly s~^iBo g) Hd) C H-p (g> Bq, and so, 

siHx> <g) Bq) = Bq g) i?T)- 
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Furthermore Bq is a subalgebra of B because 

VO ^ = ® MHo) o (B ^ Hx>) o{v® v). 

Clearly s induce by restriction a left transposition s of kG on Bq. From the previous discussion 
it follows that {Bc,s) is a right fcG-comodule algebra. 

4 Hj) cleft extensions 

Throughout this section we use freely the notations introduced in Section 3 and the characteriza¬ 
tion of right itp-comodule algebras obtained in Theorem 3.12. Let {B, s) be a right iJx)-comodule 
algebra and let C := Recall that, by Corollary 3.9, 

C = Bi^ n ker({7) = 0 Rig.c n ker([/). 

CeAut,^,^(G) 

Theorem 4.1. The extension (C ^ B,s) is cleft iff there exists € B and a family {bg)g^c 
of elements of B^, such that 

(a) bg € i?g,id n ker(17) for all g € G, 

(b) &xeB.,idnc/-i(iB), 

(c) a{bx) = qbx, 

(d) a{bg) = bg for all g € G. 

If this is the case, then the map 7 : it-p B, defined by 'y{gx'^) := bgbl,, is a cleft map, and its 
convolution inverse is given by 

j-Hgx^) = {-inqp)'^blb-^,. 

Proof. Assume that {G ^ B, s) is a cleft extension and fix a cleft map 7 : iJp B such that 
7 ( 1 ) = 1. For every g G G and 0 < i < n, set bg^i := 7 ( 30 :*). Since 7 is a right comodule map, 

v{bg) = bg®g and v{bx) = Ib ® x + b^ ® z, 

which, by formula (3.42), is equivalent to 

bg & BgCi ker({7) and bx & B^Ci 

Moreover bg is invertible for each g € G, because 7 is convolution invertible. On the other hand 
evaluating the equality ( 7 (g> Hx>)ocq = so (iJp 07 ) in h®x, x®x, h®g and x®g, where h € G 
is arbitrary, we obtain that 

bx G .Bid, a{bx) = qbx, bg G Ry and a{bg) = bg, 

for all g G G. Thus, items (a)-(d) hold. Conversely, assume that there exists bx G B and a family 
{bg)g(za of elements of B^ satisfying statements (a)-(d). We are going to prove that {C ^ B, s) 
is cleft and the map 7 : iLp B, defined by j{gx^) := bgbl,, is a cleft map. First note that 

(7 0 Hj,) o Cq{gx^ (g) hx^) = q^'^bhbi, (g) gx'' = s{gx’' (g) bhbl) = so (iLp (g) j){gx’' (g hx^), 

for all h, g G G and 0 < i, j < n. So we must only check that 7 is convolution invertible and 

V o 'y{gx^) = (7 <g) H-r>) o A{gx^) for all g G G and 0 < f < n. 


(4.53) 
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For < 7=1 and i = 0 it is evident that this is true. Assume it is true for 5 = 1 and i = io, and 
that io < n — 1. Then 

= (mb ® MBc) o (B (g) s (g) H-d){v{i{x'^°)) ® v{hx)) 

J-O / ■ \ 

= ^ ( *° ) (mb ® MBb) o{B® s® HT)){bl (g> g) 1 b g) x) 

+ ^ (mb (8) o {B BT)){bi (8) z) 


^0 


j=0 ^ qp 

io 


= ^ ( ^° ) bi.®z^x^°'^^ ^ ^{bx)®z^x^° ^z 


= ^ ( *° ) bi® + 


j=o qp 
io + l 


j=o qp 
io 


= E 


*0 + 1 
j 


hL®z^x^°^^ 


+ E ( ■ E ) ® z^x^°+^-^ 

j=l ~ y qp 


So, equality (4.53) holds when g = l^. But then 
izo’^{gx’-) = i/(5g7(x*)) 


= E ( • ) ® o{B ® s® Hx>){bg ® g®V^® z^x^ 

j=0 '^■^2' qp 

/ ■\ 

I 

j=o ^ qp 

It remains to check that 7 is convolution invertible. As was noted in [2, Section 3], 


= E(*) bgbi®gz^x^ 


E(-1)^(9M) 

j=o 


3(J-1) / I 

j 


1 if t = 0 , 

0 if 0 < z < n. 


Using this it is easy to prove that 7 is invertible with 


^-\gx^) = {-iy{qpy^blb-^„ 


(4.54) 


which finishes the proof. 


□ 


In the previous theorem we can assume without loose of generality that bi = 1 b- 

Theorem 4.2. Assume that {C ^ B,s) is cleft. Take bx € B and a family (bg)g^a of elements 
of B^ with bi — 1 b, in such a way that conditions (a)-(d) of Theorem f.l are fulfilled. Then 

(1) B is a free left C-module with basis {bgbl. : g G G and 0 < z < n}. 

(2) Set b := bfb^y^~^ and for all g G G set ag := 6^®' and Cg := {bxbg — xig)bgbx)bg^bf^. 
Then G , Cg G G, and if x^ = 0, then b G C. 
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(3) The weak action of Hj) on C associated with 7 according to item (5) of Theorem 1.36, 
is given by 


gx^ ^c = ^{-ly^qpY 

j=o 


bgbl ^a^{c)blb.l,, for c € ker(C/). 


(4) The two cocycle a: Hj) < 8 ) H-p C associated with 7 according to item (5) of Theo¬ 
rem 1.36, is given by 

aigx^<S>hxn= (■) 

av av 


+ A E 


^ / qp\J/ qp 






y qp\V qp 


{qp)^^^+^^-^^xi.hr-^bg\^.hhbY-b-} 


ghz‘’ + ’--n,J 


where ^ij := s -\- r — i — j and fh := £,ij — n. 

Proof. (1) By item (4) of Theorem 1.36, the map (j): C ® Hp B, given by (j){c 0 y) := cx{y), 
is a normal basis. Item (1) is an immediately consequence of this fact. 

(2) Using item (4) of Remark 1.22 it is easy to check by induction on i, that 

u(5g) = bg^ g’’ and u(6^) = E f K ® z^x''~^ for all g G G and z > 0. (4.55) 


By the first equality 


j=0 IP 


v{ag) = ttg (g) Iht:, for all g G G, 

and so ag G C. Since v: B ^ B ®s H \b sm algebra map, we have 

u(a~^) = (g) liZj, and u(6“^) = 6“^ ® g~^ for all g G G, (4.56) 

which implies in particular that G . Note also that, by the second equality in (4.55), 

u(6 ”) = 1b (g) a;” + 5” (g) z”. 
because (") = 0 for 0 < 7 < n. Consequently, 

' qp 

u(b) = u( 5 ^ 6 kl-") 

= {PB <gi PHt,) o (R (g> s g) Hp)(Ib (gi x” (g> felffo” (g) z“” + 6” g z” (g) felffo” g z“”) 

= {PB ® Ph^){Ib ® ® x” g Z-” + 6” g g z” g Z-”) 

= 5lfl-"gx”z-” + bglB^, 

which implies that, if a;” = 0, then b G G. Furthermore, for all g G G, 


v{bxbg) = {pB g PHt,)° [B ® s® Hp){Ib ® x ® bg ® g + b^ ® z ® bg ® g) 
= {pB g PHt:,){^b ®bg®x®g + bx®bg®z®g) 

= xig) g ga; + ba:bg g zg 
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and 

^ixig) bgbx) = (mb <8| MBi,) o (s (g) s (g) H-D){x{g) bg®g®lB®x + x{g) bg<^ z) 

= (mb <8> MBc)(x( 5) &g <8> 1 b ® ® a; + x{g) bg'^b^^g^ z) 

= Xig) bg(^gx + x{g) bgb^ (g zg. 

Combining this with the second equality in (4.56), we obtain 

= v{{b^bg - xig) bgb^)b-^b-^) 

= (mb (8>MBc) o (5 (g s <g H-D){{bxbg - xig) bgbx) (g zg® ®g~^z~^) 

= (mb (8>MBc)((^x&g - xig) bgbx) g b~^b~^ g zg (g) g~'^z~'^) 

= ibxbg - xig) bgbx)b~^b-^ g Ih^, , 

and so Cg € C, as desired. 

(3) This follows by a direct computation from item (5) of Theorem 1.36, using equalities (2.9) 
and (3.27), and the formulas for 7 and 7 “^ that appears in Theorem 4.1. 

(4) This follows by a direct computation from item (5) of Theorem 1.36, using equalities (2.9) 

and (2.10), and the formulas for 7 and 7 “^ that appears in Theorem 4.1. □ 


The Proposition 4.4 below is useful to simplify the computation of the first sum in the right 
side of the equality in Theorem 4.2(4). 

Lemma 4.3. With the notations of the previous result, we have 


1=0 


igp)~ 


^iji^ij 1 ) 


- \-sj-ij _ 


(-1)® *(gp)‘° ‘*'2 ’ */r = 0, 


qp 


0 


if 0 < r < n. 


Proof. Let a := s — i and b := r — j. Since = a + 5, we have 

eijitij-l) , / . (a + l>)(a+6-l) 


1=0 


(5p)--^+^l-b ^ ^(_ 1 ) 
<1P b=0 


= (-1)“(9P)-+^ 

which combined with (4.54) gives the desired result. 


igp)' 

qp 

6=0 


-\-ar—ab 


igp) 


b(b-i) 


qp 


□ 


Proposition 4.4. Let r,s,i>0 with 0 < i < s. The following assertions holds 
(1) lfr = 0, then 

E = i-l)^-^iqp)—- - 

0<l<r gp 

^ij <71 


(2) If r > 0, then 


o<i<r gp 

where f,ij := s + r — i — j 


Proof. By the previous lemma. 


0 <j<r gp 

iij>n 


□ 
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Corollary 4.5. Let r,s,i>0 with 0 <i < s. IfO<r<n — s + i, then 

0<j<r IP 

iij<n 

Proof. By Proposition 4.4. □ 


5 Examples 

In this section we consider two examples of the braided Hopf algebras Hx> defined in Corol¬ 
lary 2.8 and we apply the results obtained in the previous section in order to determine their 
cleft extensions. 

5.1 First example 

Consider the datum V = {C 2 x (72 x (72, X) -2^) ?): where: 

- C 2 = { 1 , 5 } is the multiplicative group of order 2, 

- X- X C 2 X C 2 —>■ C is the character given by := (—l)*i+*2+*3^ 

- ^ := {9,9,9), 

- q=l and A = 1. 

In this case p := x(-z) = —1, n = 2 and the Hopf braided C-algebra i7x> of Corollary 2.8 is the 
C-algebra generated by the group G := C 2 x C 2 x C 2 and an element x subject to the relations 

x'^ = z'^-1g = 0 and 

endowed with the standard Hopf algebra structure with comultiplication map A, counit e and 
antipode S, given by 

A(g):=g(8)g, A(x) := 1 (g) a;-I-x (g) z, 

e(g) := 1, e(a;):=0 

S'(g) := g~\ S'(gx) := -a;z"^g”\ 

where g denotes an arbitrary element of (7. Let S 3 be the symmetric group in {1,2,3}. It is 
easy to check that the map 

9: S'gP ^ Autx,z((7), 

defined by 9{a){g^^, , g'^^) := )> isomorphism. 

5.1.1 Hxi-spaces 

Let F be a C-vector space. By Proposition 3.5 to have a left H-pspace structure with underlying 
vector space V is “the same” that to have a gradation 

F=0K 

o-eSa 

and an automorphism a: V ^ V such that a{Vr,) = 14 for all a G S 3 . The structure map 

s: H-d (g> V —^ V (g Hxi, 
constructed from these data, is given by 

s{ig"\g"\g"^) ^v) := v (g> 
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and 

(8> v) := a(v) ^ 

for each v 

5.1.2 iJxi-comodules 

Let be a C-vector space. By Corollary 3.7 each right iJu-comodule structure {V, s) with 
underlying vector space V is univocally determined by the following data: 

(a) A decomposition 

^ = 0 

(g.<T)GGxS°'’ 

(b) An automorphism a: V that satisfies a(Vg^cr) = for all (g, cr) € G x 

(c) A map U: V ^ V such that 

U o a = a o U, = 0 and UiVg^a) C Vgz,(y for all (g, cr) € G x S'g^. 


The formula for the transposition s of Hx> on V is the one obtained in Subsection 5.1.1 (where 
we take 14 := 0ggG ^ '^hile the iJ-p-coaction is given by 

p(u) = i;® + Uiv)(S) {g^^+\g^^+\g^^+^)x, 

for V G 0^gS3 with g = ig^\g^^, g"^). 

Next given a decomposition as in item (a), we give a proceeding to construct an automorphism 
a: V ^ V and a map U: V ^ V satisfying the conditions required in items (b) and (c): First 
we decompose each space 14 , 0 - as a direct sum 

= Vl. ® Ka, 

in such a way that dimc(l®,j) 4 dimc(V^^ g.), and we fix an injective morphisms 

U ■ T/l _s. T/0 

<Xg,CT • rg g . ? ‘^gZ.lT) 

for each (g, cr) G G x S' 3 ^. Then we define U on Fg^cr, by 


Ug^a{v) if i; G Vg^^^, 
0 ifi;GVg%. 


It remains to construct a. Let (g, cr) G G x S' 3 ^ arbitrary. Since U o cr = cr o G, a(Fg^cr) 4 I 4 , 


and Ug^a is injective, there exists morphisms 
° • F° —r F° , cr^ • 


a, 




g,<7 


g,o-’ 


g,cr • 


g:<7 


y cf 


and 


a, 


10 


* CF 


such that 


F 




a(voGi) = (ag,a(^o) +ag°,^(iii),ag,,T(i'i)) for all (iio,vi) € Fg% © Fg^,^. 

Moreover, since a is an automorphism, the maps a® ^ and CTg ^ are also automorphisms. All these 
maps can be constructed as follows: For each (g, a) G Gx we take an arbitrary automorphism 
CTg of Fg\^. Then, for each (g,CT) G G x S'g^, we choose as an automorphism of such 
that 


(4,a{Ugz,a{'^)) = Ug,a{al^,a{v)) for all V G Fg^^_^ 

(which is forced by the condition U o a = a o U). Finally, we take cTg^ as an arbitrary automor¬ 
phism. 
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Remark 5.1. By Corollary 3.9 we know that = Vi^ fl ker([/), where Vi^ = 0^^^^ Vig,<t- 

Remark 5.2. We are in the classical case (i.e. s is the flip) iff Vg^a = 0 for cr id and a is the 
identity map. So, in this case the decomposition in item a) above have at most eight nonzero 
summands, item b) becomes trivial and the first condition in item c) also becomes trivial. 

5.1.3 Transpositions of Hx> on an algebra 

By Proposition 3.10, for each C-algebra B, to have a transposition s: Hd 0 B —B ® Hxi is 
equivalent to have an algebra gradation 

^ = 0 

<Tes°p 

and an automorphism of algebras a: B ^ B such that a{B„) = B„ for all ct G S'3. The structure 
map s: Hx> (8> B —S’ B (g) Hx>^ constructed from these data, is the same as in Subsection 5.1.1. 


5.1.4 Right ffxccomodule algebras 


By the discussion above Definition 3.11 we know that the group acts on G via 




Consider the semidirect product G(x, z) := G x S' 3 ^. We are going to work with G(x, z)°p. Its 
underlying set is G 2 x G 2 x G 2 x S 3 , and its product is given by 




Let R be a C-algebra. By Theorem 3.12 to have a right iLx>-comodule algebra {B, s) is equivalent 
to have 


(a) a G(x, z)°P-gradation 

^ = 0 

(g.'T)eG(xA)°P 

of B as an algebra, 

(b) an automorphism of algebras a: B ^ B such that 

<x{Bg,cr) C Bg^a for all (g,CT) G Gix,z)°P, 


(c) a map U: B ^ B such that 

- U o a = a o U, 

- C/2 = 0, 

- U{Bg^a) C Bgz^„ for all (g, cr) G G(x, z)°p, 

- the equality 

U{bc) = bU{c) + (-l)*i+*"+*=*C/( 6 )a(c) 

holds for all 6 G R and c G gi 2 _gi 3 ) := ©,^£53 ■S(sn.g‘ 2 ,gG),a- 

Remark 5.3. We are in the classical case (i.e. s is the flip) iff Bg rj = 0 for cr 7 / id and a is the 
identity map. So, in this case the gradation in item (a) is a G-gradation, item (b) is trivial, and 
item (c) is considerably simplified. 
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5.1.5 Right i?x>-cleft extensions 


Let C := By Corollary 3.9 we know that 

C = Bi^ n ker([/) = 0 Ulcer n ker(17). 

a-^Ss 

By Theorem 4.1 and the comment bellow that result, the extension (C ^ B, s) is cleft iff there 
exists bx & B and a family {bg)g^a of elements of B^, such that 

(a) = 1, 

(b) bg G Rgad n ker([/) for all g G G, 

(c) bx G l?(g,g,g),id C U (1), 

(d) a{bx) = bx, 

(e) a{bg) = bg for all g G G. 


By Theorem 4.2 we know that 


(1) R is a free left G-module with basis {bgbx : g € G and 0 < i < 1}. 

(2) By Theorem 4.2(3), the weak action of Hx> on G associated with 7 according to item (5) 
of Theorem 1.36, is given by 


{g^\g^\g^^)^c = b, 


(a' 




o’(l) .o^o-( 2 ) o'^o-( 3 ) ) 


and 


i9"\ 9 "^, ^ c=b, 


(s*i.g* 2 ,gG 


,(bxC - a(c)bx)b 


(9 


R1)H 


r( 2 )H 


r(3)^ 


for c G n ker(G). 

(3) By Theorem 4.2(3), the two cocycle a: Hx: 0 H-d —>■ G, associated with 7 according to 
item (5) of Theorem 1.36, is given by 

cr(g(8>h) = bgbhb~^, 

a{gx (g) h) = -x(h)&g&h&x6gh\g,g,g) T bsbxbhb~^(^g g gy 
cr(g (g) hx) = 0 


and 


cr(gx (g) hx) = x{h)bgbhblb^^, 

for g, h G G. 


Remark 5.4. It is clear that once choiced &g^^ := &(g 77 ), &g^^ r 

ran takp b, — b, ■— h, — 

can taxe 0 (g g 1 ) .— Og Og , 0 (g 1 g) .— Og Og , 0 (i,gjg) •— Og Og 


= ^(I,g.i) and bf'’ := 6 ( 1 ,i,g), one 
ana 0 (^g g g) Og Og Og . 


5.2 Second example 

Consider the datum V = (Ge, x, z, A, q), where: 

- Ge = { 1 , 5 , 5 ^, < 7 ^, ( 7 ^,( 7 ®} is the multiplicative cyclic group of order 6 , 

- X^ Ge —> C is the character given by x(ff*) ■= where ^ is a root of order 3 of 1, 

- z-.= g, 

- q = ^ and A = 1. 
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In this case p := x(^) = ^ = 3 and the Hopf braided C-algebra Hxi of Corollary 2.8 is the 

C-algebra generated by the group Cq and an element x subject to the relations 

— 1 = —2 and xg = ^gx, 

endowed with the braided Hopf algebra structure with comultiplication map A, counit e, antipode 
S and braid cj, given by 

A{g^) := g^ ^ g\ A{x) := 1 ^ x + x ^ g, 

:= 1, e(a;) := 0 

5'(gV) := (-l^f 
c^ig^x^ O g'^x^) = fO g^xA 

It is clear that Autp^, 2 (C' 6 ) = {id}. 


5.2.1 iJxi-spaces 

Let y be a C-vector space. By Proposition 3.5 we know that to have an iL-p-space structure with 
underlying vector space V is equivalent to have an automorphism a: V ^ V such that = id. 
The structure map s: iJp C) V —> V ( 8 > H-p construct from these data is given by 

s[g^x^ ( 8 > v) := (v) 0 g^xA 


5.2.2 iTp-comodules 

Let y be a C-vector space. By Corollary 3.7 the right iLp-comodule structures (y, s) with 
underlying vector space V are univocally determined by the following data: 

(a) a decomposition 

^ = 0 yg^=yi®Vg® Vg2 © Vg3 © Vg4 © Vg5, 

(b) an automorphism a: y —>■ y that satisfies = id and a{Vgi) = Vgi for all i, 

(c) a, map U: V ^ V such that 

Uoa = ^aoU, = 0 and UiVgt) CVgt-i for alH. 

The formula for the transposition s of Hp on V is the one obtained in Subsection 5.2.1, while 
the iLp-coaction u is given by 

i/(v) = V ® g"^ + U{v) © © g^~^x^ for all v € Vgi. 

5.2.3 Transpositions of Hp on an algebra 

By Proposition 3.10, for each C-algebra B, to have a transposition s: Hp © B — > B © Hp is 
equivalent to have an automorphism of algebras a: B ^ B such that = id. The structure 
map s: Hp © B —B © Hp, constructed from these data, is the same as in Subsection 5.2.1. 
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5.2.4 Right i?x>-comodule algebras 

Let R be a C-algebra. By Theorem 3.12 to have a right iLx>-comodule algebra {B, s) is equivalent 
to have 

(a) a Ce-gradation 

B = Bl 0 Bg 0 Bg2 0 Bg3 0 B g4 0 B g5 , 

of B as a vector space such that 1 _b € i?i and BgiBgj C Bgi+j 0 Bgi+js for all i,j. 

(b ) an automorphism of algebras a: B ^ B such that 

= id and a(Bgi) C Bgi for all i, 

(c) a map U : B ^ B such that 

- U o a = o U, 

- C/3 = 0, 

- U^Bgi') C Bgi -1 for all i, 

- the equality 

U{bc) = bU{c) + CUib)a{c) 
holds for all 6 G R and c € Bgi , 

- For b G Bgi and c G Bgj , the component (be)gi+j—3 G Bgi+j-3 of be is given by 

{bc)gi+i-3 =^W{h)a{U^{c))+i^W^{b)a^{U{c)). 

5.2.5 Right iTx>-cleft extensions 

Let C := gy Corollary 3.9 we know that 

C = i?i n ker(C/). 

By Theorem 4.1 and the comment bellow that result, the extension (C ^ B, s) is cleft iff there 
exists bx & B and a family of elements of such that 

(a) bi = 1 , 

(b) bgi G Bgi n ker([/) for all g* G Ce, 

(e) bx€Bgnu-Hi), 

(d) a{bx) = ^bx, 

(e) a{bgi) = bgi for all € Cq. 

By Theorem 4.2 we know that 

( 1 ) R is a free left C-module with basis {bgibl : G Cq and 0 < j < 2 }. 

(2) The weak action of Hx> on C associated with 7 according to item (5) of Theorem 1.36, 
is given by 

g" ^ c = bgieb~^, 

g^x ^ e = bgi {bxC - a{c)bx)b~i\i 

and 

^ c = bgi{ble + ^bxa{e)bx + a‘^{c)bl)b~\^, 


for c € C. 
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(3) The two cocycle a: Hx> ® Hj) —>• C, associated with 7 according to item (5) of Theo¬ 
rem 1.36, is given by 

<j{g" ® 9^) = bgibgjb-\^, 

a{g’'x(g)g^) = bgibgjb^b~\^+^ + bgib^bgib~\^+^, 

cr(g*a;^ 0 5^) = f 

(^{g" ®g^x) = 0 , 

<j{g^x ® g^x) = 0 , 

aig^x"^ ®g^x) = -C^^5gi6gi5"4i+3 - ^g* V&4+J + 

o-(g* ® = 0 , 


(j(g*x ® g^x^) - 
and 

cr{g^x^ ® g^x^) 


-e6g.&g.&g-+^A3 


-e6g^&gj6-4+e&g^V&'^, 


3t-l 

g-'-gJ '^x^gi+j+3 


e + '&g^6x6gjfe44+i +?"' + '&g^&g.6x4~4j+4 - 
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